We perform a mathematical analysis of the steady flow of a viscous liquid, L, past a three-dimensional elastic body, B. We assume that L fills the whole space exterior to B, and that its motion is governed by the Navier-Stokes equations corresponding to non-zero velocity at infinity, v∞. As for B, we suppose that it is a St.Venant-Kirchoff material, held in equilibrium either by keeping an interior portion of it attached to a rigid body, or by means of appropriate control body force and surface traction. We treat the problem as a coupled steady state fluid-structure problem with the surface of B as a free boundary. Our main goal is to show existence and uniqueness for the coupled system liquid-body, for sufficiently small |v∞|. This goal is reached by a fixed point approach based upon a suitable reformulation of the Navier-Stokes equation in the reference configuration, along with appropriate a priori estimates of solutions to the corresponding Oseen linearization and to the elasticity equations.
Introduction
The rigorous study of the problem of a coupled system constituted by a liquid interacting with an elastic structure is a relatively new branch of applied mathematics. In fact, the first significant contributions, due to Antman and Lanza De Cristoforis, date back only to the early nineties; see [15, 16, 1] . In these papers the authors establish several properties related to the two-dimensional, irrotational steady flow of an inviscid liquid past nonlinear elastic bodies of different types.
Also in view of the central role that the above problem plays in numerous and diverse engineering [2] and medical [11] applications, more recently mathematicians have begun a systematic study of the interaction of a Navier-Stokes (viscous) liquid with elastic bodies, in both steady [17, 12, 18] and unsteady [13, 4, 6, 7] cases. In all these works, the liquid occupies a bounded region of the three-dimensional space, that surrounds (or is surrounded by) the elastic structure.
In the present paper we would like to furnish a further contribution to the subject, by investigating the problem of steady state, three-dimensional flow of a Navier-Stokes liquid past an elastic body, kept in place by suitable mechanisms. We believe that, among other things, this study will be useful to set the appropriate function-analytic framework for further investigations, like, for example, bifurcation problems related to buckling of the elastic body due to the impingement of the liquid upon its surface. 1 We shall now describe our problem in more precise terms. Let B be an elastic body fully submerged in a Navier-Stokes liquid, L, whose velocity field tends to a nonzero constant vector, v ∞ , at large distance from B.
In the frame, I, with respect to which we describe the motion of L, we suppose that B is in equilibrium. Thus, in order to balance the forces exerted by L on B, we assume either that B is attached to (and completely sourrounds) a non-deformable body, R, fixed in I, or that control forces are being applied to B. Furthermore, we assume that L fills the whole space outside B and that the motion of L in I is steady.
The main objective of this paper is to investigate unique solvability for this problem, under the assumption that |v ∞ | is sufficiently small.
In the case where B is attached to R, we assume they together occupy a bounded domain, Ω ⊂ R 3 , when no applied body or surface forces act on them. We shall denote by ω ⊂ Ω the part occupied by R and by Ω 0 = Ω \ ω that occupied by B. We assume that B completely sourrounds R, so that ∂ω∩∂Ω = ∅. We shall refer to Ω 0 as the reference domain of the elastic body and suppose that Ω 0 and ω are of class C 2 . For simplicity, we contemplate the case where ω is a (bounded) domain 2 , and will refer to a coordinate system with the origin at some point 0 ∈ ω. We also set Γ 0 := ∂Ω and Γ 1 := ∂ω; see Figure 1 .
If we denote by Φ : Ω 0 → R 3 the resulting deformation of B due to the forces exerted on it by the steady flow (v, p) past it, we find that the motion of the coupled system liquid-solid is governed by the following equations, in the case where the elastic body is attached to ω = ∅:
Here ν denotes the (constant) coefficient of kinematical viscosity of the liquid, n Φ the outward normal on ∂(Φ(Ω 0 )), T Φ E the Cauchy stress tensor of the elastic material (the constitutive equations for which are determined by the assumption that the material is of St.Venant-Kirchoff type, see (24)), and T F (v, p) the Cauchy stress tensor of the liquid,
where I is the identity tensor. Recall that for solenoidal velocities
We observe that the boundary condition
, on the liquidstructure interface, states that the force exerted by the elastic body on the liquid is the opposite of the force exerted by the liquid on the body. Furthermore, the boundary condition Φ = Id on ∂ω in (2) describes the attachment of the elastic body on ω. We shall consider the problem where v ∞ is given and the deformation Φ together with the liquid flow (v, p) are the unknowns. Note that the above model is only meaningful when there is no contact between ∂ω and ∂Φ(Ω 0 ), which will, however, be the case if the magnitude of v ∞ is sufficiently small. In the case where the elastic body is kept in place by control forces, f , and surface tractions, g, we shall use the same notation as above and simply assume that ω = ∅. In principle, the control parameters f and g can be chosen in an variety of ways. We shall make the following "simplest" choice
where c, k ∈ R 3 and n is the unit outer normal to Ω 0 ; see Figure 2 . Of course, the vectors c and k are further unknowns of the problem. Note that our choice of control parameters in (3) are expressed as forces in the reference domain Ω 0 and ∂Ω 0 . Thus, the equations governing the equilibrium of B in this case are
while those governing the motion of L remain the same, and we are led to study the coupled systems (1) and (4). For simplicity, in the models above we have assumed that all prescribed body forces, b, and surface tractions, t, are equal to zero. In fact, our results, suitably restated, continue to hold with non-zero b and t. Also, we have chosen to consider the no-slip boundary condition v = 0 on the liquid-structure surface, as this is the most interesting situation from a physical point of view. Without further difficulties, however, more general boundary conditions could be handled.
Our main result is a proof of existence and uniqueness of solutions for the coupled systems (1), (2) and for the coupled systems (1), (4) . More precisely, we show that if |v ∞ | is below a certain quantity, depending on Ω 0 and on the material constants characterizing L and B, there is one and only one solution lying in a ball, centered at the origin of a suitable Banach space, whose radius continuously depends on |v ∞ |.
The above result is obtained by a fixed point contraction argument based on a priori estimates for proper linearizations of the governing equations. Being v ∞ = 0, the "natural" linearization of the Navier-Stokes equations is provided by the Oseen equations. Actually, the basic challenge of our approach resides in finding the appropriate function space, S, where the estimates to the fully non-homogeneous, exterior Oseen boundary-value problem need to be proved. It turns out that S can be chosen as the intersection of suitable Lebesgue and homogeneous Sobolev spaces; see Lemma 4.1.
Without loss of generality, we shall take v ∞ directed along the unit vector e 1 and write v ∞ = v ∞ e 1 with v ∞ > 0. Remark 1.1. The arbitrary constant up to which the pressure p is defined in (1) is fixed by requiring that p(x) → 0 as |x| → ∞. In other words, we fix the constant equal to zero. We could fix the constant to be any non-zero number, p 0 , if we adjust our assumptions on the reference configuration accordingly. More precisely, since p 0 determines the force exerted by the liquid on the elastic body when the liquid is at rest, the reference configuration must be assumed to be the domain occupied by the elastic body when the force determined by p 0 is exerted on it. Remark 1.2. If ω = ∅, that is, if the body does not have a clamped portion of its boundary, and we were not to introduce any control forces, the liquid-structure problem would not have a solution. Actually, if ω = ∅ it follows that
This relation shows that the component of the force exerted by the liquid on the body in the direction of v ∞ (the drag) is zero, a condition that can not be verified (see [9, Theorem IX.
5.1]).
The plan of the paper is the following. In Section 2 we introduce the basic notation and prove some preparatory results. Successively, in Section 3, we reformulate the liquid-body problem in the reference configuration. In Section 4 we prove existence, uniqueness, and fundamental estimates for the exterior Oseen boundary-value problem in proper function spaces. With the aid of these results, we prove similar ones for the fully non-linear exterior Navier-Stokes boundary-value problem. In Section 5, we recall a well-known well-posedness theorem for the elasticity equations in Sobolev spaces and prove further estimates for corresponding solutions. Finally, in Section 6, we combine the results of the previous two sections and use the fixed point contraction lemma to show existence and (local) uniqueness of solutions to the stated liquid-solid problems.
Notation and Preliminary Considerations.
We begin to recall some classical notation and differential identities. If A, B denote second-order tensors in R 3 , we set
where A ik and B lj , i, j, l, k = 1, 2, 3, are the components of A and B in the canonical base, {e 1 , e 2 , e 3 }, of R 3 , and ⊗ denotes dyadic product. Moreover, if a is a vector with components a i , i = 1, 2, 3, in that base, we set A a = A ik a k e i and a A = A ik a i e k . We also define
We shall use boldface letters to denote vectors and tensors as well as vectorand tensor-valued functions in
onto itself. Thus, setting
we have (see for example [3] )
If, in (5), we choose A = I, with I denoting the identity tensor, we obtain the Piola identity div(J F −1 ) = 0 .
We shall denote by W m,q (Ω) the classical non-homogeneous Sobolev spaces and by · m,q,Ω the associated norm. By D m,q (Ω) we denote the homogeneous Sobolev spaces defined by
We use D Next consider u ∈ C 1 (Ω; R 3 ) and define
We shall usually denote by u a displacement vector-field of Ω, in which case we refer to Φ u as the corresponding deformation of Ω. We now seek to construct, based on u, a mapping deforming the exterior domain E := R 3 \ Ω accordingly. To this end, set
The following lemma holds.
Lemma 2.1. Let q > 3 and let Ω ⊂ R 3 be a bounded, Lipschitz domain. Moreover, let B R ⊃ Ω and set δ := dist(∂B R , ∂Ω). Then, there is a
Proof. For any given u ∈ S q,M (Ω), we construct the extensionũ as follows. Let U be an extension of u to R 3 with U ∈ W 2,q (R 3 ). By classical results, we know that U exists and that
, and let ψ = ψ(x) be a smooth cut-off function that is equal to 1 for x ∈ B r and is zero for x ∈ B c R . This function can be chosen in such a way that |Dψ(x)| ≤ c 1 δ
, where c i , i = 1, 2, are independent of δ, R and r. The desired extension is then given byũ := ψU. In fact, (8) and (9) are obviously satisfied, whereas (10) is a consequence of (12) and of the properties of the function ψ. Consider now the map
By the Sobolev embedding theorem we have
, and that
with c 3 = c 3 (q) > 0. From this, it follows, in particular, that χ u ∈ C 1 (R 3 ). Furthermore, from (10) and from the fact that u ∈ S q,M (Ω 0 ), we obtain
and so, since
with M j (∇ũ) a mononomial with respect to the entries of ∇ũ and |A| = 12. Thus, if the constant K 0 is chosen as small as to satisfy the condition (13)- (14), we then find that χ u is injective. In fact, it is easy to show that χ u is surjective which, in turn, since
To show surjectivity, for any fixed y ∈ R 3 , consider the map
We have, by (13) , that P ∈ C 1 (R 3 ) and moreover, by (15) , that
Therefore, by well-known results (see for example [14, Theorem 1.XVII]) it follows that P has a fixed point. This proves that χ u is surjective, and the proof of the lemma is thereby completed.
Throughout this paper we shall use small letters (c 0 , c 1 , . . .) to denote constants in scope of a single proof, and capital letters (C 0 , C 1 , . . .) to denote constants in scope of the whole paper.
For any exterior domain O we set O R := O ∩ B R (0) and O R := O \ B R (0). Similarly, for any Banach space X we put X R := {x ∈ X | x ≤ R}.
We shall from now on fix Ω, Ω 0 , and ω to be the C 2 -domains from the introduction. Moreover, we set E := R 3 \ Ω and fix R > 0 such that B R (0) ⊃ Ω and put δ := dist(∂B R (0), ∂Ω).
We shall make use of the Landau symbols (Big-O and Little-o notation) in
3 Reformulation of the Problem in the Reference Configuration.
In order to solve (1) coupled with either (2) or (4), we first transform the systems into equivalent systems over the reference domain. For this purpose we use the mapping constructed in Lemma 2.1. Writing the deformation as the identity plus a displacement field, Φ = Id +u, the corresponding mapping χ u , from Lemma 2.1, maps the reference exterior domain
and
With the help of (5)- (7) we then find
Using (5), (6), (17), (19), and (20) we now obtain that the Navier-Stokes equations (1) can be written over the reference domain as
When q > 3, W 1,q (E) is a Banach algebra. In this case the equations in (21) become well-defined in a Sobolev space setting for u ∈ W 2,q (Ω) since the entries of F u , and thereby also the those of A u , then belong to W 1,q loc (E) by Lemma 2.1. Also note that the asymptotic limits at infinity of w and v are identical since χ u (x) = 1 for large |x|.
Introducing the first Piola-Kirchhoff stress tensor σ(u), and using the Piola Identity, we can write the elasticity equation (2) over the reference domain as
where n is the outward normal on ∂E and
. Similarly, we can write (4) over the reference domain as
We assume the elastic body is a St.Venant-Kirchoff material, for which the first Piola-Kirchhoff stress tensor takes the form σ(u) = (λ(Tr E(u))I + 2µE(u))(I + ∇u) ⊤ , with
and λ and µ denoting the Lamé constants. We can write the first Piola-Kirchhoff stress tensor above as a sum of a linear, bi-linear, and tri-linear response function,
Note that σ L is the response function for the classical stress tensor of linear elasticity.
In the following, we show existence of a solution for the coupled systems (1), (2) and the systems (1), (4) by solving the equivalent systems (21), (22) and (21), (23), respectively.
The Liquid Equations
In this section we shall show that the liquid equations (21) over the reference domain have a unique solution (in suitable function class), provided u ∈ S q,M (Ω 0 ) and v ∞ and M are sufficiently small. We shall also establish some estimates for the corresponding solutions.
First we rewrite (21) into
The last equality above is due to the Piola Identity. The purpose of rewriting the equations (21) into (26) is to have the Navier Stokes equations on the left hand side and a perturbation term on the righthand side. When the displacement, u, is sufficiently small, the perturbation term is small and we can hope to solve the equations using a fixpoint argument.
For this, we shall need a priori estimates of the operator on the left-hand side. In order to obtain these, we shall further reformulate the equations such that we have the Oseen linearization of the Navier Stokes equations on the left-hand side. More specifically, we put (in accordance with the assumption that v ∞ is directed along e 1 )
and obtain
We have the following lemma on existence and a priori estimates of the Oseen equations in exterior domains.
(O) , and (29)
for some r ∈ (1, ∞). Then, the problem
has one and only one solution (v, p) such that
Moreover, for any arbitrarily fixed R 0 > 0, there exists C Θ = C Θ (O, R 0 , r) > 0 such that for any 0 < R ≤ R 0 the corresponding solution of (31) satisfies 
We will now show that 
which together with (45) implies (33). Assume there exists no constant C(R 0 ) such that (46) holds for all solutions of (31). This would imply the existence of sequences
such that, denoting by {(v k , p k )} the solutions of the Oseen problems Since (v k , p k ) are solutions of (47), they satisfy (45). By (48) and (49) this implies that (v k , p k ) are bounded in the norms on the left hand side of (45). Thus we can find subsequences, still denoted by {(v k , p k )}, and functions (v, p) in the class (32) such that, as k → ∞,
, and
By standard compact embeddings of Sobolev spaces we further obtain
From (47)- (51) we conclude that (v, p) and R satisfy the conditions (52) In order to formulate the next results, we find it convenient to define a number of Banach spaces. For any given v ∞ > 0, we set
It is obvious that (55) defines a norm in Z q (E) and that Z q (E), equipped with this norm, becomes a Banach space. Likewise, set
The space P q (E) equipped with the norm (56) becomes a Banach space. We also set
Furthermore, we define
In order to solve (27), we need to estimate all the terms on the right hand side. We start with the convective term. Lemma 4.2. Let q > 3 and z 1 , z 2 ∈ Z q (E). Then, there are constants C 1 = C 1 (E, q) > 0 and C 2 = C 2 (E) > 0 such that
∞ (E) and the following inequality holds
where c 1 = c 1 (E, r, q) > 0 (see for example [8 
with c i = c i (E, q) > 0, i = 2, 3. Using again (59), with r = 4, and (60) we also deduce
where c i = c i (E, q) > 0, i = 4, 5. Thus, by (60) and (61), we find, for some c 6 = c 6 (E, q) > 0,
which proves (57).
Consider now ψ ∈ D 1,12/5 0 (E). By the Hölder inequality and by (55), we obtain
Therefore, (58) follows from the latter and from the continuity of the embedding D
Having estimated the convective term on the right-hand side of (27), we move on to the perturbation terms. To this end we need the following estimates. 
There exists a constant
3. There exists a constant C 4 = C 4 (q, Ω 0 , K 0 , R, δ) > 0 such that
is a Banach algebra, from which it follows that the entries of cof(F u ) and hence of A u are in W 1,q (B ρ ). Moreover, by Lemma 2.1 the entries of F u are continuous, and from (16) we have the pointwise estimate
it follows that the entries of
Denoting by inv : GL 3,3 (R) → M 3,3 (R) the inversion mapping inv(A) = A −1 and using that ∂inv(A), H = −A −1 HA −1 , we find that
Using (64) and the fact that the entries of cof F u are in C B (B ρ ) (due to the embedding W 1,q (B ρ ) ֒→ C B (B ρ )) we obtain that also the entries of
. Thus we conclude that the entries of F −1 u are in W 1,q (B ρ ). We now estimate
with M(∇ũ) being a mononomial with respect to the entries of ∇ũ. Using that ũ 2,q ≤ c 1 u 2,q,Ω0 and the fact that, by assumption, u 2,q,Ω0 < 1, we obtain
For the second term in (62) we have the estimate
Since F u − I 1,q = ∇ũ 1,q ≤ c 4 u 2,q,Ω0 , we just need to show that F
is bounded. From (64), (65), and (66) we obtain, using the Sobolev embedding
which together with (69) and (68) implies (62). The last inequality, (63), can be proved in completely similar fashion.
We can now estimate the perturbation terms in (27). More specifically, we have the following lemma.
Lemma 4.4. Let q > 3 and M 0 be as in Lemma 4.3. For u i ∈ S q,M (Ω 0 ) with 0 < M < M 0 and (z i , π i ) ∈ X q (E) (i = 1, 2), the following inequalities hold:
(71)
where
Proof. We will only show (72). The other estimates can be shown in a completely similar fashion. First we use the algebraic structure of W 1,q (E), Lemma 2.1, and Lemma 4.3 to estimate
By similar arguments, and using (59), we furthermore obtain
Next we use the embedding W 1,q (B R ) ֒→ C B (B R ), the fact that the support of (I − A ui ) is in B R , and Lemma 4.2 to obtain
We now need similar estimates as above in the norm | · | −1,12/7 . However, since all the terms on the right-hand side above have bounded support in B R , these estimates follow from the ones above since for any f with supp f ⊂ B R we have
Thus, combining all of the above estimates we have shown (72).
With the help of the above lemmas, we are now able to furnish the following existence and uniqueness result for problem (27). 
Proof. The proof will be achieved by means of the Caccioppoli-Banach contraction mapping theorem. For d > 0, set
and consider the map
where (z, π) is a solution to the problem
From Lemma 4.1, Lemma 4.2, and Lemma 4.4 we find that problem (76) has a unique solution (z, π) ∈ X q (E), whence N is well-defined. Moreover, by (33), (57), (58), (70), and (71) this solution satisfies the estimate
Choosing J 1 , J 2 < 1 we have both M < 1 and v ∞ < 1. Thus, putting
we obtain, by (77),
In order for this inequality to have positive solutions d, we must have
This is clearly satisfied for J 1 and v ∞ sufficiently small. Now fix such a J 1 . Then for v ∞ sufficiently small
satisfies (78) We end the proof by showing (75). Consider u 1 , u 2 ∈ S q,M (Ω 0 ) and corresponding solutions (z 1 , p 1 ), (z 2 , p 2 ) of (27). Estimating as above we obtain
which completes the proof, since
The Elasticity Equations
The objective of this section is to show existence and uniqueness of the elasticity equations. We shall use a fixpoint approach which enables us to easily couple the elasticity equations with the liquid equations. Consider first the elasticity equations in the case where the elastic body, Ω 0 , is attached to a nondeformable body ω. In this case the deformation of the elastic body is governed by the traction displacement problem of non-linear elasticity, which we in this section shall treat in the following generality:
We will impose the following conditions on F and G. We assume that for ε, M > 0 sufficiently small we can find constants
We have the following theorem of existence and uniqueness of solutions for (81).
Theorem 5.1. Let q > 3 and assume that F and G satisfy (82)-(87). There exists an M 1 > 0 such that for all 0 < M < M 1 we can find λ 0 (M ) such that for all 0 < λ < λ 0 (M ) there exists a unique solution u ∈ S q,M (Ω 0 ) of (81) which furthermore satisfies
Proof. Recalling (25), we can write (81) as
From the theory of linear elasticity it is well known that the operator
maps the space
Clearly, a fixpoint of T λ is a solution of (81). We now show that for M sufficiently small we can find λ 0 (M ) such that, whenever 0 < λ < λ 0 (M ), the mapping T λ maps X E M := X E ∩ B M (0) into itself and is contractive. The existence of a unique fixpoint will then follow from the Caccioppoli-Banach Theorem. To verify that T λ becomes a self-mapping we estimate, using the algebraic structure of W 1,q (Ω 0 ) and the properties (83) and (86),
We conclude that T λ becomes a self-mapping on X E M for M sufficiently small and λ 0 (M ) < M c3(M) . Similarly, using now (84) and (87), we estimate
and conclude that T λ becomes a contraction when M is sufficiently small and
Having established the existence of a unique fixpoint, u, we obtain (88) by an estimate similar to (93).
We now treat the case where the elastic body Ω 0 has no non-deformable core, but is held in place by control forces. We then have ω = ∅ and ∂Ω 0 = Γ 0 . In this case we have to solve a free traction problem of the type
Since we here dealing with a problem with a pure Neumann boundary condition, the problem becomes more delicate than (81) as we have to ensure that the data on the right hand side satisfies compatibility conditions. We thus need to impose additional conditions on F and G. We again split the first Piola Kirchhoff stress tensor, as in (25), into a linear, bi-linear, and tri-linear part, and furthermore put
We need the following additional assumptions on F and G:
Here A ∨ ∈ R 3 denotes the adjoint of a skew-symmetric A ∈ R 3×3 (A ∨ is also called the axial vector of A, see [3] ). Problem (95) is invariant under infinitesimal ridgid displacements. We shall therefore need the spacẽ
We can now state the following theorem of existence and uniqueness of solutions for (95).
Theorem 5.2. Let q > 3 and assume that F and G satisfy (82)-(87) and (97)-(98). There exists an M 2 > 0 such that for all 0 < M < M 2 we can find λ 0 (M ) such that for all 0 < λ < λ 0 (M ) there exists a unique solution u ∈S q,M (Ω 0 ) of (95) which furthermore satisfies
Proof. Put
Unique Solvability of the Liquid-Structure Problem
In this section we shall prove the main result of this paper, namely, that the liquid-structure problem, described by the coupled systems (1) and, depending on the model under consideration for the elastic body, (2) or (4), have a locally unique solution if the magnitude of the datum, v ∞ , is suitably restricted. We shall do so by solving the equivalent systems (27) and (22) or (23), respectively.
We shall obtain our result as simple consequence of the theorems in the previous section.
In the case where elastic body is attached to a non-deformable body, we have the following theorem.
Theorem 6.1. Let q > 3 and M 0 be the constant from Lemma 4.3. There exists
for sufficiently small M > 0 and d > 0.
Proof. Let J 1 and J 2 be as in Theorem 4.5. For 0 < M < J 1 we can, by this theorem, associate to any 0 < v ∞ < J 2 and u ∈ S q,M (Ω 0 ) a unique solution (z, π) ∈ X q (E) of (27) 
Since (z, π) satisfies (74), we conclude that G satisfies (86). Similarly, we estimate n T u1 F (z 1 , π 1 ) − n T u2 F (z 2 , π 2 ) 1−1/q,q,Γ0 ≤ c 3 (M ) ( (z 1 , π 1 ) − (z 2 , π 2 ) X q + u 1 − u 2 2,q,Ω0 (z i , π i ) X q ) (102)
Proof. Without loss of generality, we assume Ω0 x dx = 0. Let J 1 and J 2 be as in Theorem 4.5. For 0 < M < J 1 we can, by this theorem, associate to any 0 < v ∞ < J 2 and u ∈ S q,M (Ω 0 ) a unique solution (z, π) ∈ X q (E) of (27) satisfying (74). Now define 
We now verify that F and G satisfy the conditions (82)- (87) and (97) x ∧ (a ∧ n) dS , ∀a ∈ R 3 and the assumption that Ω0 x dx = 0. We can now apply Theorem 5.2, with F and G as above, and obtain a solution, u, of (95). Let (z, π) denote the corresponding solution of (27) and put 
Clearly (c, k, u, (z, π)) is a solution of the coupled system (27), (23). The bound (103) follows as in the proof of Theorem 6.1. Finally, we note that any other solution of (27), (23) satisfies (95) with the above choice of F and G. This can easily be seen by computing the compatibility conditions of (23). Local uniqueness is therefore a consequence of Theorem 5.2 and Theorem 4.5.
Remark 6.3. The solutions of the Navier-Stokes equations found in Theorem 6.1 and Theorem 6.2 are physically reasonable in the sense of Finn. This follows from the fact that the solutions, by construction, belong to D 1,2 and hence are so-called D-solutions.
Remark 6.4. We could also treat other types of control forces in Theorem 6.2 than the ones chosen in (23). For example, instead of looking for a control surface force acting tangential to the normal of the reference domain surface, we could set out to find a control surface force acting tangential to the normal in the deformed domain. Such a force would be of type
Since A u is close to the identity for small u, our method of proof for Theorem 6.2 would yield the same result of existence and local uniqueness in this case.
